Abstract. The purpose of the present paper is to generalize Sakai's work on anticanonical models of rational surfaces to varieties of Fano type. We first prove a characterization of Fano type varieties using the singularities of anticanonical models. Secondly, we study the decomposition of the anticanonical map using the K X -minimal model program.
Introduction
Throughout the paper, we only consider normal projective varieties defined over the field C of complex numbers. To understand the structure of the varieties of Fano type, which form an important class in birational geometry, we study their anticanonical models. In [HP2] , Hwang and Park characterize surfaces of Fano type via their anticanonical models, and they reduce the classification of log del Pezzo pairs to that of log del Pezzo surfaces. Their work is based on Sakai's results ( [S] ) on the anticanonical models of rational surfaces. In this paper, we consider a higher dimensional generalization of Sakai's work.
First, we characterize the varieties of Fano type via the singularities of anticanonical models. This gives a generalization of [HP2, Theorem 1.1] (cf. [S, Theorem 4.3] ). We will prove Theorem 1.1 in Section 3. Theorem 1.1. Let X be a Q-Gorenstein normal projective variety such that −K X is big and R(−K X ) is finitely generated. Then X is of Fano type if and only if the anticanonical model Y = Proj R(−K X ) is a klt Fano variety.
See Section 2 for definitions of the varieties of Fano type and anticanonical models. For any variety of Fano type, we can always take a Q-factorialization, and hence, the Q-Gorensteinness assumption is not restrictive. Our proof of Theorem 1.1 heavily relies on the Zariski decomposition. More precisely, for the 'if' direction, we construct an explicit boundary divisor ∆ on X such that (X, ∆) is a log Fano pair from the negative part of the Zariski decomposition of the anticanonical divisor as in [HP2] . Theorem 1.1 was also obtained by Cascini and Gongyo (see [CG, Theorem 1 .1]) using different methods. For 'only if' direction, they use −K X -MMP, and for 'if' direction, they use terminalization to construct a boundary divisor instead of the Zariski decomposition.
The quickest way to construct the anticanonical model Y of a Q-factorial variety X of Fano type is to run −K X -MMP. By running the −K X -MMP, we obtain a birational map X Y such that −K Y is nef. Since Y is a Mori dream space, the nef divisor −K Y is semiample. Thus we get the morphism ϕ |−mK Y | : Y → Y = Proj R(−K X ) to the anticanonical model Y .
We propose another way to construct a birational map to the anticanonical model, which generalizes the surface case obtained by Sakai ([S, Proposition 4 .2 and Theorem 4.3]) into higher dimensional cases. Theorem 1.2. Let X be a Q-Gorenstein normal projective variety of Fano type, and let f : X Y = Proj R(−K X ) be the anticanonical map. Then we can take Q-factorial varieties X q , X , X mint , and X nrd having the anticanonical model Y with the following commutative diagram
where q is a Q-factorialization, s is a finite sequence of log flops, f and f are anticanonical morphisms, ϕ and π are minimal terminal resolutions, and r is a redundant minimal model program to a non-redundant model.
For the definitions of minimal terminal resolution X mint and non-redundant model X nrd , see Proposition 2.2.5 and Definition 4.1.1, respectively. We introduce the notion of redundant MMP in Subsection 4.1. Roughly speaking, the redundant MMP finds a 'minimal ' variety among the varieties having the anticanonical model Y . One advantage of this factorization is that all the varieties X, X q , X , X mint , and X nrd appearing in the above diagram have the same anticanonical model Y . Furthermore, we will also show that all these varieties are birationally dominated by only finitely many terminalizations of Y (Corollary 5.1.5).
Let us recall the Sakai's construction in [S] for the surface case which inspired our result. Let X be a normal projective rational surface with −K X big, and let f : X → Y be the anticanonical morphism. Then for the minimal resolution ϕ : X mint → X, the anticanonical morphism f : X mint → Y factors through the minimal resolution π : Y mint → Y . The variety Y mint can also be obtained by contracting all the redundant curves on X mint ([S, Definition 4.1]). Such curves are redundant in the sense that their contraction to points does not affect the anticanonical model. Since Y mint has no redundant curves, we call such variety non-redundant and denote it by X nrd . This factorization yields the following commutative diagram
An advantage of having this decomposition is that it reduces the study of the anticanonical map to that of the morphism between the smooth varieties X mint and X nrd whose anticanonical models are Y .
Clearly, this construction cannot be generalized directly in higher dimensions. First of all, in higher dimensions, the map f to the anticanonical model Y is not a morphism in general. Furthermore, there are no minimal resolutions of singularities in higher dimensions. To overcome these difficulties, after passing to a Q-factorialization X q , we take a small birational map s : X q X so that there is a morphism X → Y (Lemma 5.1.2) and we use minimal terminal resolution ϕ : X mint → X (Proposition 2.2.5). Sakai's contraction r of redundant curves is generalized to the redundant MMP r : X mint X nrd (Section 4). Most results extend to the case where the anticanonical model has log canonical singularities (Subsections 3.2 and 5.2). The main difference is that if Y contains singularities worse than klt, there are infinitely many Q-factorial varieties X with −K X big having Y as the anticanonical model (Proposition 5.2.1). In particular, contrary to the klt case, there are no varieties birationally dominating all other varieties having Y as the anticanonical model. The paper is organized as follows. We start in Section 2 by collecting and reviewing some basic results. Section 3 is devoted to prove theorem 1.1. We develop the notion of the redundant MMP in Section 4. Section 5 presents the proof of Theorem 1.2. Finally, we compare log Calabi-Yau pairs and log weak Fano pairs in Section 6.
Preliminaries
In this section, we collect basic notions and facts which will be used throughout the paper.
2.1. Stable base loci. Let D be a Q-divisor on a normal projective variety X. The stable base locus of D is denoted by B(D).
Definition 2.1.1. The augmented base locus of D is defined as the set
The restricted base locus of D is defined as the set
It is well known that B + (D) and B − (D) depend only on the numerical class
We also remark that for any Q-divisor D, B + (D) is always Zariski closed whereas B − (D) is a priori only a countable union of Zariski closed sets.
⊗ R is the closure of the cone spanned by the classes of movable divisors.
2.2. Log pairs. We call (X, ∆) a log pair if X is a normal projective variety and ∆ is an effective Q-divisor on X such that K X + ∆ is Q-Cartier. For a log resolution f : Z → X of (X, ∆), we have
where each E i is an f -exceptional prime divisor and a i = a(E i ; X, ∆) is the discrepancy of (X, ∆) at E i . A log pair (X, ∆) is called terminal (resp. canonical, Kawamata log terminal (klt for short)) if ∆ = 0 and every a i > 0 (resp. a i ≥ 0, a i > −1). A log pair (X, ∆) is called divisorial log terminal (dlt for short) (resp. log canonical (lc for short)) if every a i > −1 (resp. a i ≥ −1) and every coefficient of ∆ is at most 1. If (X, 0) is a terminal (resp. canonical, klt, lc) pair, then we say that X has terminal (resp. canonical, klt, lc) singularities. See [KM] for more details on the singularities of log pairs.
Definition 2.2.1. Let X be a normal projective variety.
(1) A klt pair (X, ∆) for some Q-divisor ∆ is called a klt Fano pair (resp. klt weak Fano pair ) if −(K X + ∆) is ample (resp. nef and big Definition 2.2.3. Let X be a normal projective variety.
(1) A log pair (X, ∆) is called a klt (resp. an lc) Calabi-Yau pair if (X, ∆) is klt (resp. lc) and −(K X + ∆) ∼ Q 0. (2) If (X, ∆) is an lc Calabi-Yau pair for some Q-divisor ∆, then X is called a variety of Calabi-Yau type. If (X, ∆) is a klt Calabi-Yau pair for some Q-divisor ∆, then X is called a variety of klt Calabi-Yau type.
In general, a variety of klt Calabi-Yau type need not be of Fano type (e.g., a smooth K3 surface). The following is easy to verify. Lemma 2.2.4. Let X be a normal projective variety. Then X is a variety of Fano type if and only if X is a variety of klt Calabi-Yau type and −K X is big.
For a given klt pair (X, ∆), it is well known that by [BCHM, Corollary 1.4.3] , there exists a small birational morphism (called a Q-factorialization) q : X → X from a Q-factorial variety X . Another consequence of [BCHM, Corollary 1.4.3] is that there also exists a birational morphism (called a terminalization) t : Z → X where (Z, ∆ Z ) is a Q-factorial terminal pair and ∆ Z is an effective divisor such that K Z + ∆ Z = t * (K X + ∆). In the study of lc pairs, the following modification is often useful ([F2, Theorem 4 .1]). If (X, ∆) is an lc pair, then there exists a birational morphism (called a dlt blow-up) d :
. For a given normal projective variety X, a minimal terminal resolution X mint is defined by the following Proposition 2.2.5 (minimal terminal resolution, cf. [K, Theorem 1.33] ). Let X be a normal projective variety. Then there is a Q-factorial normal projective variety X mint (not necessarily unique) having terminal singularities with a birational morphism (called a minimal terminal resolution) f : X mint → X such that K Xmint is f -nef and f -big.
2.3. Anticanonical models. Here we define the anticanonical rings and anticanonical models.
Definition 2.3.1. Let X be a Q-Gorenstein projective variety. The anticanonical ring of X is defined as
where m 0 is the smallest positive integer such that m 0 K X is a Cartier divisor. In the case where R(−K X ) is finitely generated, the anticanonical model is defined as
The following example is remarked by Shokurov. If X is a Q-Gorenstein variety of Fano type, then R(−K X ) is finitely generated. However, when X is a Q-Gorenstein variety of Calabi-Yau type with −K X big, R(−K X ) is not always finitely generated by the following example.
Example 2.3.3. Let S be a K3 surface of Picard rank two such that Cox(S) is not finitely generated. Consider the smooth projective variety
), where the cone generated by A and B contains NE (S) . By [CG, Proposition 2.10] , X is of Calabi-Yau type. We may assume that 2A + 2B + (−A − B) = A + B is big. Then the tautological line bundle O X (1) is big, and hence, so is
is not finitely generated.
2.4. Zariski decomposition. Let X be a normal projective variety, and let D be a pseudoeffective Q-divisor on X.
Definition 2.4.1. The decomposition D = P + N is called the Zariski decomposition (in the sense of Cutkosky-Kawamata-Moriwaki) if
(1) the positive part P is a nef Q-divisor, (2) the negative part N is an effective Q-divisor, and (3) the natural map
is isomorphic for every sufficiently divisible integer m > 0.
If the positive part P is semiample, we say the decomposition is good.
The Zariski decomposition is unique if it exists. Except in dimension 2, Zariski decompositions may not exist even for the pull backs of divisors in general (see [N] ). If f * D admits the Zariski decomposition for some birational morphism f : W → X, we say D admits a birational Zariski decomposition. The following is also well known.
Lemma 2.4.4. Let X be a normal projective variety and D a big Q-Cartier divisor on X such that the section ring R(D) is finitely generated. Then the following are equivalent:
If one of these equivalent conditions holds, then P ∼ Q f * (H) for some ample divisor H on Y and N is an f -exceptional effective divisor.
Proof. Assume first that D = P + N is the good Zariski decomposition. Since P is semiample, we obtain the morphism f := ϕ |mP | :
It is easy to check that D = P + N with P = f * H is the good Zariski decomposition.
Singularities of anticanonical models
Let X be a smooth projective variety. If K X is big and the canonical ring R(K X ) is finitely generated, then the canonical model Proj R(K X ) has canonical singularities. However, if −K X is big and the anticanonical ring R(−K X ) is finitely generated, the anticanonical model Proj R(−K X ) can be very singular in general. Our goal in this section is to answer the following simple question. Although this question is also answered in [CG] , we present a slightly different proof below.
3.1. Klt singularities (Proof of Theorem 1.1). We prove Theorem 1.1. Recall that X is a Q-Gorenstein variety such that −K X is big and R(−K X ) is finitely generated. By Lemma 2.4.3, there is a birational morphism f : W → X from a smooth variety W such that f * (−K X ) = P + N is the good Zariski decomposition. Thus we have
for any sufficiently divisible integer m > 0. In particular, we obtain the birational
Possibly by taking further blow-ups, we may assume that g is a log resolution of (Y, 0).
Now suppose that X is a Q-Gorenstein variety of Fano type. To show that Y has only klt singularities, we prove that the coefficients of N + F are smaller than 1. By Lemma 2.2.4, there is an effective Q-divisor ∆ such that (X, ∆) is a klt Calabi-Yau pair. Possibly by taking further blow-ups, we may assume that f is a log resolution of (X, ∆). Since P is semiample and big, there is an effective Q-divisor P ∼ Q P such that
Since (X, ∆) is a klt pair, the coefficients of P + N + F are less than 1, and so are the coefficients of N + F . Thus Y has klt singularities. Conversely, suppose that the anticanonical model Y is a klt Fano variety. By Bertini Theorem, for sufficiently large and divisible m 1 > 0, we can choose a general member G in |m 1 P | which is a smooth prime divisor. Let P 1 := 1 m1 G. Then P 1 + N + F has a snc support possibly by taking further blow-ups of W . Consider
Since Y has klt singularities, every coefficient of N + F is less than 1. Thus every coefficient of P 1 + N + F is less than 1. Now, put ∆ := f * (P 1 + N + F ). Since
Since P 1 + N + F has a snc support, f is a log resolution of (X, ∆). Furthermore, every coefficient of P 1 + N + F is less than 1. Thus the claim follows, i.e., (X, ∆) is a klt Calabi-Yau pair. By Lemma 2.2.4, we complete the proof of Theorem 1.1. [CG, Corollary 3.6] ). We leave the proof to the interested readers.
Theorem 3.2.1. Let X be a Q-Gorenstein variety such that −K X is big and R(−K X ) is finitely generated. Then X is of Calabi-Yau type if and only if the anticanonical model Y = Proj R(−K X ) is an lc Fano variety.
Remark 3.2.2. In Theorem 1.1 and Theorem 3.2.1, the bigness of the anticanonical divisor is essential. To see this, let X be an extremal rational elliptic surface X 22 in [MP, Theorem 4.1] . There is a singular fiber consisting of nine (−2)-curves E 1 , . . . , E 9 forming the dual graph E 8 . We can write
Let π : X → X be the blow-up at the intersection point p of E 8 and E 9 with the exceptional divisor E. It is easy to see that the Zariski decomposition −K X = P +N is given by P = 2 3 π * (−K X ) and
where we use the same notations for the strict transforms. Since some coefficient of N is larger than 1, it follows that X cannot be of Calabi-Yau type. However, the anticanonical model of X is a smooth rational curve P 1 .
As an application of Theorems 1.1 and 3.2.1, we obtain the following, which can also be shown by a direct argument.
Corollary 3.2.3. Let X be a Q-Gorenstein variety such that −K X is big and R(−K X ) is finitely generated. For every small birational map X X to a QGorenstein variety X , if X is of Fano type (resp. of Calabi-Yau type), then so is X .
Redundant minimal model program
In this section, we introduce the notion of redundant MMP, which generalizes the redundant contractions for surfaces ([HP1] , [HP2] , [S] ). 4.1. Redundant MMP. We begin with our motivation of the redundant MMP by reviewing Sakai's redundant contractions/blow-ups in dimension 2 (see [HP1] , [HP2] , [S] for details). Let S be a smooth projective rational surface such that −K S is big. Then we have the good Zariski decomposition [S] showed that such curves are redundant in the sense that if ϕ : S → S is a birational morphism contracting some redundant curves, then the anticanonical models of S and S remain unchanged. Note that the contraction morphism ϕ : S → S can be seen as a partial MMP. This is the starting point of the redundant MMP that we develop below.
From now on, let Z be a Q-factorial klt variety such that −K Z is big. Any K Znegative extremal ray R of NE(Z) is contractible and there exists a contraction ϕ R : Z → Z associated to R by the cone Theorem.
Definition 4.1.1. The notations are as above.
(1) R is called a redundant extremal ray if the exceptional locus Exc(ϕ R ) is contained in B + (−K Z ). The contraction ϕ R associated to a redundant extremal ray R is called the redundant contraction of R. (2) If there are no redundant extremal rays in NE(Z), then Z is called a nonredundant model.
We will see that if −K Z admits the good Zariski decomposition −K Z = P + N , then an extremal ray R is redundant if and only if R · P = 0 (see Proposition 4.2.1). Thus redundant extremal rays can be considered as a generalization of Sakai's redundant curves.
Lemma 4.1.2. Every redundant contraction ϕ R is birational. That is, ϕ R is either of divisorial type or small type.
Proof. Suppose that ϕ R is not birational. Then we have Exc(ϕ R ) = Z so that
If ϕ R is of divisorial type, then we call it a redundant divisorial contraction of Z (associated to R). Suppose that ϕ R is of small type. Since it is a usual K Z -negative extremal small contraction, the (klt) flip χ R : Z Z + /Z exists by [BCHM] :
We call the flip χ R a redundant flip of Z (associated to R). We call the sequence of the redundant divisorial contractions and redundant flips of Z the redundant MMP on Z. If the redundant MMP on Z terminates, then the resulting model is a non-redundant model of Z and we denote it by Z nrd .
Note that there do not exist infinitely many redundant divisorial contractions in the redundant MMP by the same reason as in the usual MMP (i.e., each divisorial contraction drops the Picard number ρ(X) by one). Note that the redundant flips exist by [BCHM] . However, we have the following Conjecture 4.1.3. There do not exist infinite sequences of redundant flips.
Clearly, the termination of the usual klt flips implies Conjecture 4.1.3. Nonetheless, we will see that there exists a finite sequence of redundant divisorial contractions and redundant flips to a non-redundant model Z nrd when −K Z admits the good Zariski decomposition (Corollary 4.2.5).
4.2. Redundant MMP with Zariski decomposition. In this subsection, we study how the redundant MMP affects the geometry of the variety when the anticanonical divisor admits the good Zariski decomposition. First, we obtain the good Zariski decomposition via the anticanonical model. Proposition 4.2.1. Let Z be a Q-factorial terminal variety such that −K Z is big and −K Z admits the good Zariski decomposition −K Z = P + N , and let R be a K Z -negative extremal ray of NE(Z) inducing the contraction ϕ : Z → Z . Then the following are equivalent:
(1) R is a redundant extremal ray, i.e., Exc(ϕ)
is the flip, then −K Z + admits the good Zariski decomposition −K Z + = P + N such that the pull backs of P and P coincide on a common resolution of Z and Z + .
Proof.
(1)⇒(2): Since it is well known that B + (−K Z ) = B + (P ), we have Exc(ϕ) ⊆ B + (P ). Note also that Exc(ϕ) is covered by curves C such that C · P = 0. Since such curves also span the ray R, we have R · P = 0.
(2)⇒(1): R · P = 0 implies that the curves C contracted by ϕ are contained in B + (P ) = B + (−K Z ). Since such curves are movable in Exc(ϕ), we obtain Exc(ϕ) ⊆ B + (K Z ), hence R is a redundant extremal ray.
(2)⇒(3): Consider the anticanonical morphism f := ϕ |mP | : Z → Y for a sufficiently divisible integer m > 0. By Lemma 2.4.4, we have P = f * (−K Y ). Let ϕ be a divisorial contraction. Since f contracts all the curves that are contracted by ϕ : Z → Z , it follows that f factors through Z . We have the following commutative diagram
for some rational number a > 0. Recall that −K Z = f * (−K Y ) + N is the good Zariski decomposition, and hence, N = ϕ * N − aE. By the negativity lemma, N is an effective Q-divisor. Since N is effective and f -exceptional, we have
for a sufficiently divisible integer m > 0. Thus,
Now let ϕ be a small contraction, and χ : Z Z + /Z be its redundant flip:
Since χ is small, we have
) for a sufficiently large integer m > 0. By Lemma 2.4.4, we have the good Zariski decomposition
where N is an effective f -exceptional divisor. Let g : W → Z and g : W → Z + be common resolutions of Z and Z + . Then since g * f * = g * f * , we have g * P = g * P . Thus we have shown the implication (2)⇒(3) for the small case.
(3)⇒(2): Let C be a curve contracted by ϕ. Since f (C) is a point, it follows that
Remark 4.2.2. In the proof of Proposition 4.2.1, the bigness of −K Z is essential. In fact, the equivalence (2)⇔(3) in Proposition 4.2.1 is no longer true when −K Z is not big. To see this, let X be an extremal rational elliptic surface X 22 in [MP, Theorem 4.1] . Pick an intersection point x of a section of the elliptic fibration on X and a singular fiber with the multiplicity one. Let ϕ : X → X be the blow-up at x with the exceptional divisor E. Then the Zariski decomposition is −K X = P + N with P = 0. Thus E spans an extremal ray R such that R · P = 0 as in (2) of Proposition 4.2.1, but ϕ does not satisfy (3) of Proposition 4.2.1 since κ(−K X ) = 1.
Corollary 4.2.3. Let Z be a Q-factorial terminal variety such that −K Z is big and −K Z admits the good Zariski decomposition −K Z = P + N . Let ϕ R : Z → Z be the redundant contraction associated to some redundant extremal ray R of Z.
(1) (divisorial case) If ϕ R is a redundant divisorial contraction, then
In particular, redundant divisorial contractions and redundant flips preserve the anticanonical model.
Proof. It immediately follows from (3) of Proposition 4.2.1.
It turns out that we can obtain a non-redundant model by running the relative MMP over the anticanonical model, which can be considered as the redundant MMP. Proof. Let Z min be a relative minimal model of Z over Y with a morphism φ : Z min → Y . Let R be a K Zmin -negative extremal ray, and let ϕ R : Z min → Z be the associated contraction. Since K Zmin is φ-nef, the curves C spanning R are not contracted by φ. Thus Exc(ϕ R ) ⊆ B + (−K Zmin ) = Exc(φ) so that R is not a redundant extremal ray.
Corollary 4.2.5. Let Z be a Q-factorial terminal variety such that −K Z is big and −K Z admits the good Zariski decomposition −K Z = P + N . Then there exists a finite sequence of redundant divisorial contractions and redundant flips:
where Z nrd is a non-redundant model of Z.
Proof. Let f : Z → Y = Proj R(−K Z ) be the anticanonical morphism. By [BCHM] , there exists a finite sequence of divisorial contractions and flips over Y terminating with a relative minimal model Z min over Y . By Theorem 4.2.4, Z min is also a non-redundant morel Z nrd of Z. Now it remains to show that each divisorial contraction and flip over Y is redundant. Let R ⊆ NE(Z i /Y ) be a K Zi -negative extremal ray with the associated birational contraction ϕ R : Z i → Z i+1 over Y for 0 ≤ i ≤ N − 1. It is enough to show that R is a redundant extremal ray of Z i . Since R is contracted over Y , it follows that Exc(ϕ R ) ⊆ Exc(f ) = B + (P ) = B + (−K X ). Thus the extremal ray R is redundant. 
Structure of anticanonical maps
In this section, by studying the structure of anticanonical maps using the redundant MMP developed in Section 4, we prove Theorem 1.2.
Anticanonical maps of Fano type varieties (Proof of Theorem 1.2).
In this subsection, we prove Theorem 1.2. We also show that there are only finitely many Q-factorial Fano type varieties having the same anticanonical model (Corollary 5.1.5).
Let X be a Q-Gorenstein Fano type variety, and let Y := Proj R(−K X ) be its anticanonical model. Then for some common resolution f : W → X and g : W → Y , we have the good Zariski decomposition f
However, Y is not the anticanonical model of W in general. Theorem 1.2 aims to decompose the birational map X Y = Proj R(−K X ) into the maps strictly between the varieties having Y as the anticanonical model.
Consider a minimal terminal resolution ϕ : X mint → X and a terminalization t : Z → Y of (Y, 0). We start with some easy lemmas.
Lemma 5.1.1. The varieties X mint and Z have the same anticanonical model Y .
Proof. It is enough to show that
for any sufficiently divisible integer m > 0. By applying the negativity lemma, we obtain −K Xmint = π * (−K X ) + E for some effective π-exceptional divisor E. This shows the first equality.
If t : Z → Y is a terminalization of (Y, 0), then K Z +E = t * K Y for some effective t-exceptional divisor E. This shows the second equality.
Then there is a small birational map X q X to a Q-factorial variety such that −K X admits the good Zariski decomposition.
Proof. We always have the divisorial Zariski decomposition −K Xq = P + N with P movable (see [N, Chapter III] ). Since X q is a Mori dream space, there is a small birational map s : X q X to a Q-factorial variety such that P := s * P is nef. Set N := s * N . Then −K X = P + N is the good Zariski decomposition.
Lemma 5.1.3. Every small Q-factorial modification X q X (e.g., as in Lemma 5.1.2) can be decomposed into a finite sequence of log flops of klt Calabi-Yau pairs.
Proof. By Lemma 2.2.4, X q and X are Q-factorial varieties of klt Calabi-Yau type. Thus they are connected by log flops (cf. [BCHM, Corollary 1.1.3] ). Now we prove Theorem 1.2.
Proof of Theorem 1.2. Recall that q : X q → X is a Q-factorialization of X. First we take a small birational map s : X q X to another Q-factorial variety as in Lemma 5.1.2 which is a finite sequence of log flops by Lemma 5.1.3. Then take a minimal terminal resolution ϕ : X mint → X of X (Proposition 2.2.5). By Lemma 2.4.4, we have the anticanonical morphism f : X → Y , and hence, we also have the anticanonical morphism f : X mint → Y . Then there exists a birational map X mint X nrd (which can be considered as the redundant MMP) by Corollary 4.2.5 with a birational morphism π : X nrd → Y .
The minimal property of a minimal terminalization is explained in Remark 4.2.6. Terminalizations of (Y, 0) are maximal in the sense of Proposition 5.1.4. We say that a variety Y is birationally dominated by a variety Z if there is a birational map Z Y which does not extract any divisors.
Proposition 5.1.4. Any Q-Gorenstein Fano type variety X whose anticanonical model is Y is birationally dominated by some terminalization of (Y, 0). More precisely, there exist a small birational map X X to a Q-factorial variety and a terminalization Z → Y of (Y, 0) such that we have a factorization into morphisms Z → X → Y . If there is a morphism X → Y , then we can let X = X .
Proof. Since a Q-factorialization is small birational, by using Lemma 5.1.2, we can take a small birational map X X to a Q-factorial variety X such that −K X admits the good Zariski decomposition −K X = P + N . We obtain a birational morphism f : X → Y by applying Lemma 2.4.4. By [HK, Lemma 1.6 ], for each fexceptional prime divisor E over X , we have a(E; Y, 0) ≤ 0. By [BCHM, Theorem 1.4 .3], we can take a terminalization g : Z → X of (X , N ). Since a(E ; Y, 0) = a(E ; X , N ) for any g-exceptional divisor E , it follows that the composition f • g : Z → Y is a terminalization of (Y, 0). Proof. By [BCHM, Corollary 1.4 .4], we can take a birational morphism π : X → Y from a Q-factorial variety X such that for some effective Q-divisors Γ 1 and Γ 2 on X, we have
where (X, Γ 1 ) is klt and the coefficients of Γ 2 are at least 1. Note that the anticanonical model of X is Y . Now let ψ : X mint → X be a minimal terminal resolution. Then the anticanonical model of X mint is also Y . We may write
where E is an effective ψ-exceptional Q-divisor. Now let φ : Z → X mint be a blow-up at codimension two locus V such that V is contained in an irreducible component of ψ −1 * Γ 2 and V contains smooth points of X mint . Then we have
where F is a φ-exceptional prime divisor. By the conditions on V , the Q-divisor φ * t * Γ 2 − F is effective, and hence, the anticanonical model of Z is Y . By blowing up a codimension two locus V contained in an irreducible component of (ψ •φ) −1 * Γ 2 containing smooth points of Z, we obtain a variety Z whose anticanonical model is Y . By successively blowing up codimension two locus similarly, we can obtain infinitely many varieties having Y as the anticanonical model. Theorem 5.2.2. Let X be a Q-Gorenstein variety of Calabi-Yau type such that −K X is big and R(−K X ) is finitely generated, and let f : X Y = Proj R(−K X ) be the anticanonical map. Then we can take Q-factorial varieties X d , X , X mint , and X nrd having Y as the anticanonical model with the following commutative diagram
where d is a dlt blow-up of an lc Calabi-Yau pair (X, ∆), s is a finite sequence of log flops, f and f are anticanonical morphisms, ϕ and π are minimal terminal resolutions, and r is a redundant MMP to a non-redundant model X nrd .
Remark 5.2.3. The varieties X , X mint , and X nrd are of lc weak Fano type by Lemmas 2.4.4 and 6.4.
To prove Theorem 5.2.2, we need some lemmas.
Lemma 5.2.4. Let X be a Q-Gorenstein variety of Calabi-Yau type such that −K X is big and R(−K X ) is finitely generated, and let ϕ : X mint → X be a minimal terminal resolution. Then X mint is a variety of Calabi-Yau type having Y = Proj R(−K X ) as the anticanonical model.
Proof. As in the proof of Lemma 5.1.1, the assertion follows from the negativity lemma.
The following is the key lemma in the proof of Theorem 5.2.2 (cf. Lemma 5.1.2).
Lemma 5.2.5. Let X be a Q-Gorenstein variety of Calabi-Yau type such that −K X is big and R(−K X ) is finitely generated, and let d : X d → X be a dlt blow-up of an lc Calabi-Yau pair (X, ∆). Then we have the following:
There is a small birational map X d X to a Q-factorial variety such that −K X admits the good Zariski decomposition.
Proof. For the given dlt blow-up d :
is dlt, every coefficient of G is less than 1. We may consider h : W → Y also as a log resolution of Y Let E be the set of all prime h-exceptional divisors on W that are not gexceptional. Then for any divisor E ∈ E, we have −1 ≤ a(E; Y, 0) ≤ 0. Indeed, since K X + ∆ ∼ Q 0, we can write
In particular, such E is not g-exceptional and E ∈ E. Therefore, we can apply [F2, Theorem 4 .1] for E and there is a birational morphism b : X → Y such that X is Q-factorial and the b-exceptional divisors are exactly the members of E. Thus there is a small birational map s : X d X . Then by Lemma 2.4.4, −K X admits the good Zariski decomposition. We have shown the assertion (2). Now we may write
Since − E∈E a(E; Y, 0)E is an effective b-exceptional divisor, it follows that the anticanonical model of X is Y . Thus we get the assertion (1).
Lemma 5.2.6. Let X be a Q-Gorenstein variety of Calabi-Yau type such that −K X is big and R(−K X ) is finitely generated, and d : X d → X a dlt blow-up of an lc Calabi-Yau pair (X, ∆). Then every small birational map s : X d X to a Q-factorial variety such that −K X admits the good Zariski decomposition can be decomposed into a finite sequence of log flops of lc Calabi-Yau pairs.
Proof. There is an effective Q-divisor
We can take ample divisors A on X d and A on X such that s * A + A is ample on X and ( 
X is a Q-Gorenstein variety of Calabi-Yau type such that dim X = n, −K X is big and R(−K X ) is finitely generated. , and W F n := X (X, ∆) is an lc weak Fano pair for some Q-divisor ∆ such that dim X = n, −K X is Q-Cartier and R(−K X ) is finitely generated. .
We can easily see that CY 1 = W F 1 = {P 1 }. By [HP2, Theorem 1.1] and Theorem 3.2.1, we also have CY 2 = W F 2 . For n > 2, Corollary 6.1 shows that W F n ⊆ CY n and the inclusion is strict in general by Example 6.3.
Corollary 6.1. Let (X, ∆) be an lc weak Fano pair. If −K X is Q-Cartier and R(−K X ) is finitely generated, then X is a variety of Calabi-Yau type. In particular, W F n ⊆ CY n .
Proof. By Theorem 3.2.1, we only have to show that the anticanonical model Y = Proj R(−K X ) contains lc singularities. Let f : W → X be a log resolution of (X, ∆) such that f * (−K X ) admits the good Zariski decomposition f * (−K X ) = P + N . Then we obtain the birational morphism g : W → Y := Proj R(−K X ), and we have P = g * (−K Y ). By taking further blow-ups, we may assume that g : W → Y is a log resolution of (Y, 0). We may write
where F is a f -exceptional divisor. Note that f * (−K X ) = P + N is the FujitaZariski decomposition and f
, and hence, −(N − f * ∆) is an effective Q-divisor. Since every coefficient of F is at most 1, it follows that every coefficient of N − f * ∆ + F + f −1 * ∆ is also at most 1. Thus Y contains lc singularities.
If R(−K X ) is not finitely generated, then Corollary 6.1 is no longer true by the following example.
Example 6.2. (cf. [G, Example 5.5] ) Let E be a non-split vector bundle of degree 0 and rank 2 on an elliptic curve C, and let S := P(E) be a ruled surface. Consider the smooth projective variety X := P(O S ⊕ O S (−A)), where A is a very ample divisor on S such that the natural map Sym r H 0 (O S (A)) → H 0 (O S (rA)) is surjective for every integer r > 0. Denote by E the tautological divisor of O S ⊕ O S (−A). Then (X, E) is an lc weak Fano pair (see [G, Basic construction 5.1] ). We can easily show that H 0 (O X (−mK X − mE)) = H 0 (O X (−mK X )) for every integer m > 0. Thus if (X, ∆) is a Calabi-Yau pair for some Q-divisor ∆, then ∆ ≥ E. Since (X, E) does not admit Q-complements (see [G, Example 5 .5]), it follows that X is not a variety of Calabi-Yau type. In particular, R(−K X ) is not finitely generated by Corollary 6.1.
Corollary 3.2.3 shows that CY n is invariant under small birational maps whereas the following example shows that W F n is not. In particular, the inclusion W F n ⊆ CY n is strict. Claim.
(1) X is of Calabi-Yau type such that −K X is big and movable.
(2) The C-algebra m,n≥0 H 0 (O X (−mK X + nπ * A)) is finitely generated. In particular, R(−K X ) is finitely generated.
Proof of Claim. By [CG, Proposition 2.10] , X is of Calabi-Yau type. Since 2A+A+ (−2A) = A is big, the tautological line bundle O X (1) is big so that O X (−K X ) = O X (3) is also big. To show that −K X is movable, we regard X as a locally trivial P 2 -bundle over C so that the global section of H 0 (O X (1)) is locally given by s 1 x 1 +s 2 x 2 , where x 0 , x 1 , x 2 are coordinates for P 2 and s 1 , s 2 are global sections of H 0 (O C (A)). Since the base locus of |O X (1)| is locally V (x 0 ), it follows that −K X is movable. Finally, we can easily check that m,n≥0 H 0 (O X (−mK X + nπ * A)) is a splitting subring of n≥0 H 0 (O C (nA)) [x 0 , x 1 , x 2 ], and thus it is finitely generated. Now suppose that (X, ∆) is an lc weak Fano pair for some effective Q-divisor ∆. Since H 1 (O X ) = 0, by Kodaira vanishing ( [A] , [F1, Theorem 2.42]), −(K X + ∆) is not ample. If the morphism ϕ induced by | − m(K X + ∆)| for a sufficiently large integer m > 0 is a divisorial contraction, then it is the anticanonical morphism. However, −K X does not admit the Zariski decomposition on X, which is a contradiction to Lemma 2.4.4. Thus ϕ is small, and by the claim (2), there is −(K X + ∆)-flop f : X X . Note that (X , ∆ := f * ∆) is an lc weak Fano pair. Then (X , (1− )∆ ) is an lc Fano pair for a sufficiently small rational number > 0. By Kodaira vanishing ([F1, Theorem 2.42]), H 1 (O X ) = 0, which is a contradiction. Thus there is no effective Q-divisor ∆ on X such that (X, ∆) is an lc weak Fano pair.
Although we have W F n CY n in general, we see that the difference is actually 'small ' by Corollary 6.5.
Lemma 6.4. Let X be a Q-Gorenstein variety of Calabi-Yau type such that −K X is big and −K X admits the good Zariski decomposition −K X = P + N . Then (X, N ) is an lc weak Fano pair.
Proof. Note that P := −(K X + N ) is nef and big. There exists an effective Qdivisor ∆ such that (X, ∆) is an lc Calabi-Yau pair. Considering the decompositions −K X = P + N ∼ Q 0 + ∆, we have N ≤ ∆ by Remark 2.4.2 (2). Thus (X, N ) is an lc pair.
Corollary 6.5. Let X be a Q-Gorenstein variety of Calabi-Yau type such that −K X is big and R(−K X ) is finitely generated, and let d : X d → X be a dlt-blow-up of an lc Calabi-Yau pair (X, ∆). Then there is a small birational map X d X such that (X , ∆ ) is an lc weak Fano pair for some Q-divisor ∆ .
Proof. By Lemma 5.2.5, there is a small birational map X d X such that −K X admits the good Zariski decomposition −K X = P + N . Since Proj R(−K X ) = Proj R(−K X ), by Theorem 3.2.1, X is a variety of Calabi-Yau type. By Lemma 6.4, (X , N ) is an lc pair. Since −(K X + N ) = P is nef and big, (X , N ) is an lc weak Fano pair.
